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Abstract

URS

This is an overview of the method of pure spinor superfields, written for Handbook of Quantum Grav-
ity, eds. C. Bambi, L. Modesto, and I. Shapiro. The main focus is on the use of the formalism in maximal
supergravity on a flat background. The basics of pure spinor superfields, and their relation to standard super-
space, are reviewed. The pure spinor superstring model of Berkovits is briefly discussed. Consequences for
divergence properties of loop diagrams in maximal supergravity are restated. Some final remarks are made

concerning desirable development of the theoretical framework.
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Introduction
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Pure spinor superfield theory [1] provides a solution to the long-standing problem of covariant quantiza-

tion of (Brink-Schwarz) superparticles [2,3] or (Green-Schwarz) superstrings [4] with manifest supersymme-

try, or roughly equivalently, to the problem of finding off-shell superspace formulations of maximally super-

symmetric field theories, including supergravity.
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Concretely, the difficulties with space-time supersymmetric particles and strings manifest themselves
as a mixture of first- and second-class constraints in the same spinor. This is the famous x -symmetry [5-7],
which is necessary for the superparticle/superstring action to describe the dynamics of a % -BPS object.

BAKMI S, WS @@ Rk AR B R AEA LD : [/ — e RN A5 —2R N E8 R4, Xtz
HAHT 1 FRE [5-7], B FRIEX AL T /5 A AR % -BPS X RHEN 2 AR DE,

In the present overview, we will not start with these superparticle or superstring actions. Rather, the
introduction of pure spinor variables will be motivated by the structure of the (on-shell) multiplets of maxi-
mal super-Yang-Mills theory (SYM) and supergravity (SG) in their traditional treatment on superspace. The
relation of the pure spinor formulation to the Green-Schwarz superstring is explained in Ref. [8].

FEARTRERRH, FATAE WX LR T BOEL I E R A, T2 WS R A ST B R A - K
IRITEEIE (SYM) FIEES 7 (SG) B (FE72) ZEASE MR, 5IHale i, SijE Rk SHshh-it
FLIRBTZRI R 52 ISR [8],

The basics of the formalism are laid out in section "Pure Spinor Superfield Theory.” In section ” D = 11
Supergravity”, it is applied to supergravity, with maximal supergravity as main focus. A brief account of the
pure spinor superstring theory of Berkovits is given in section ”Superstrings.” Quantum theory is sketched
in section "Quantum Theory,” and some convergence results for loop diagrams are restated. Finally, some

remarks are made in section "Remarks” concerning possible refinement and development of the formalism.
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The technical level of the presentation is kept at a minimum. Instead, we aim at collecting results from
the sources in the reference list and present them as concisely and coherently as possible while emphasizing
concepts rather than techniques.
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Pure Spinor Superfield Theory

ailijie ¥R A Be

Before going into a more precise derivation of pure spinor superfield formulations of specific supersym-
metric models, we would like to sketch what lies at the heart of the formalism. The supersymmetry algebra
(which of course is a subalgebra of the super-Poincaré algebra) takes the generic form {Qa, Q ﬁ} = 2y§66a .

Here, « is some (possibly multiple) spinor index, and Q. = a%a + (y*0),,0, - Covariant fermionic derivatives
) . :
Dy = 5 = (r?6),9, satisfy {Qqa: Dg} = 0. They anticommute among themselves as {Dg, Dg} = —2y550a—

flat superspace in endowed with torsion T,z = 2y§/3 .
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Suppose we introduce a bosonic spinor A* subject to the constraint

fBIREHATTT NNl R A0 S LR A3 e 1 A%

A4y*1) = 0. 1)
Then we may form a fermionic operator
RS BATT AT ATE — DN EOR BT
Q = 2*Dy @)

which, thanks to the constraint on 4, is nilpotent: Q*=0.
BB A T EIZR, ZAFEREN: Q* =0,

It seems meaningful to consider the cohomology of Q , acting on functions of x , 8, and 4 . This co-
homology is guaranteed to be supersymmetric, since Q anticom-mutes with the supersymmetry generators.
It thus describes some supermultiplet. As it turns out, any linear supermultiplet in any dimension may be
obtained this way. In the case of on-shell multiplets, the virtue of the formalism is even greater, since it seems
to offer a natural way to an off-shell formulation by relaxation of the linear "equation of motion” Q¥ = 0.
The correspondence will be made more precise below, first for D = 10 super-Yang-Mills theory and later for

D = 11 supergravity.

BATRT LA FEAERIAE x 6 71 A BREL EAY Q LRI, IX 2 AR X, BT Q Sl R4tk
x5, BIZ ERESRZENRE, it TR NEZES, SN, ER4EE TIERLME
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&Mt “BEhiRR” QY =0, ELIFNERRIMEM T K ERRRE, BN TN MR
fSHEERE, JLiTit D = 10 @ K/RIEIE, FiTie D = 118577,

A word of caution: We will refer to a spinor 1 subject to the constraint (1) as a ”pure spinor.” This is a
slight misuse of the mathematical terminology. A pure spinor, in the sense of Cartan [9], is a chiral spinor in
even dimension D = 2n, constrained to lie in the minimal Spin(2n) orbit of the spinor module. This implies
that if the Dynkin label of the spinor module in question is (0 ... 01) , monomials of degree of homogeneity p
in 4 belong to the single module (0 ... 0p) . The concept of a pure spinor is not defined in other cases, neither
for odd dimensions nor for extended supersymmetry. In certain cases, our constrained spinors coincide with
Cartan pure spinors. This happens notably in D = 10 . There, the spinor bilinears are a vector (10000) and a
self-dual 5-form (00002), and the constraint in the vector immediately puts A in the minimal orbit. In other

situations, for example, D = 11, which we will encounter later, where the symmetric spinor bilinears are a



vector, a 2-form and a 5-form, the vector constraints puts 4 in (a completion of) an intermediate orbit, which

is not the minimal one.

TR — A BATRR R 2R (1) EEF A PR “4iie 177, XRNEAARIBN—MEEIRH, 7
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KHETE T (0... 0p) o 4l T HIMERTEH MG FEEAE X, Tk B2y RENTR
TG, TEHLEEOT, BATXEFARIE TS 5% Y4 72—, REAUNHTF#ZE D =10
HITEIE. EZIEET, e MM — K& (10000) F1—1 B AHE 5-E3K (00002), K& ERIZ)
WEE A RfEs/ NUES, EEMBEE N, FURMNZESIBEN D =11, NFRIEF NN
BE—INRE. = 2B —1 5B, KRELHK A RHITEHEPUE (7Esl) B, XS
T rER/NIE,

From Superspace to Pure Spinor Superspace

Pt et ) 2 ilifg et 2 )

Although we ultimately aim at addressing supergravity, the introduction of pure spinor superspace is
much simpler in the setting of super-Yang-Mills theory [10], first treated in superspace in Ref. [11].

REBNRL BVRVTFIES ), e w5 AL -K/RITEICAESE N Z R RS2 [10],
BHIC R FAESE SR [11] T T2 AHESE T T

Flat (10|16)-dimensional superspace, appropriate for D = 10 super-Yang-Mills, has coordinates ZM =
(x™, 6%) . There is no metric on superspace, but a super-vielbein Ey,4 . The Lorentz frame indices A = (a, )

consist of a Lorentz vector and a chiral spinor. The nonvanishing superspace torsion is

EHT D = 10 B7-K/RETHITH (10(16) 4= B A EHR ZM = (x™,64) . BT AAF G
M, {BAFAEHE vielbein Ey? o IBICZEIRAHEIT A = (0, ) BE—DNBRLEREMN— D FEiER. Ik
THIEZ HHERN:

Tug® = 2021 3)

where the components are converted to Lorentz frame using the inverse vielbein: Tgc? = (E™1) CN (E7) BM TN

LR BT vielbein BEMEIA RIS Toch = (B N(E),MTyn? -

Let us now recollect some known facts about D = 10 super-Yang-Mills. A connection on superspace,
taking values in the adjoint of some gauge group, is written A = dZMA,; = dZME,4A, . There is a priori
two superfields, A, (x,9) (bosonic, dimension 1) and A, (x, 6) (fermionic, dimension % ) (As is standard,
dimension is in terms of powers of inverse length.). The field strength is F = dA + A A A, and due to the

presence of torsion, we have



BEFAEE— R F D = 10 @M-K/RITNE A 10, BUELE S MNMITERHERE IR 18 22 RIS
A5 A=dZMAy = dZMEV A, o [RARTFEMNNES: A, (x,0) BT, & 1) F A, (x,0) (B
KT, =N % YAZHRIEG, BNLKERBRRITE). YR F =dA+AANA, HTHRENG
£, BAA:

Fup = 2D (Ap) + 2A(aAg) + 2125Aa- 4)

The symmetric product of two spinors can be decomposed into a vector F, = %ygﬁ Fyg and a self-dual
5-form Eypege = ﬁyj‘lﬁdﬁaﬁ . Obviously, from Eq. (4), setting F, = 0 expresses A, in terms of A, , leaving
only the latter as an independent superfield. This goes under the name of “conventional constraint.” Note that
itis natural, since F,,3 has dimension 1, and there are no physical and gauge-covariant fields of this dimension
in the supermultiplet we want to derive (the spinor y* has dimension z and the field strength F,;, dimension
2). For this reason, it is tempting to also set the five-form part Fy;.4. to zero. However, doing this turns out to
put the theory on shell. It indeed describes the on-shell D = 10 super-Yang-Mills multiplet. The constraint
in question is physical, rather than conventional. Details can be found, for example, in Refs. [12,13]. It s
of course also well known that the supersymmetry transformations of the component fields work (“close,”
modulo gauge transformations) only when the equations of motion are satisfied. There is no known set of
auxiliary fields consistent with the Euler-Lagrange equations of an action that remedies this. This statement
can indeed be sharpened. Auxiliary fields are fields that complete the physical ones into an off-shell linear

module of the supersymmetry algebra. This cannot be done without completely relaxing the constraints on
the superfield A, off-shell.

WA BEROATRA D B — N RR B, = LRy M ENE TR Fcae
L B o T, HIR (), O F, = O JREIRIF A, A, TR, (UM FIRE NS, X
RURATIENY “BMLs”, WERIRR BRI, N By FORATN 1, MRITERSNELS AR
FAE RN RRLTE NS (HER 2 RAh 2, 553 B,y RN 2). KB, AMVRE AR5
LT RES Eypee WEE, (HIXREHUBA S KBCBIES A, IXTISHEA T 165 D = 10 18
Bk E A, X EILHURERAR, ARSI, ST AZE S Sk [12,13] ik
B, SR, AR R R A B 20 R B AW, (RRSE A “BHA” ), HAT
SRV EURIY. 5 R Roks 7 B A B S 7 8 S RO U, I e 9205
LTS B PR R S AR B S MR 5, TR 52 A
B A, AT, RIEERRX 42,

This observation prompted Nilsson [12] to first draw the (correct) conclusion that in order to go off-shell
one needs to relax the 5-form part of F,g = 0. And this is what pure spinor superfield theory naturally
does, as we will see. Indeed, the equations of motion in the pure spinor superfield description of D = 10

super-Yang-Mills theory will be yg)g Fup=0.

% —RIURAE Nilsson[12] B T (W) L5i6: 0 T HEIFERE, FEHA By = 0 9 Y
REHLIH, EORNEKEEIR, S TREEE AAWE TX—H, BEE, D= 10@h-K
IRATERIAE S TR R IS TRE 1 E Ey = 0,

This structure was found when searching for deformations of the equations of motion for maximally

supersymmetric super-Yang-Mills [13-15]. Introduce a bosonic spinor A% , subject to the constraint (1y?1) = 0



. A function ¥ of x,0 , and 1, expanded in powers in 1, is (There is no other way of dealing with the 1

dependence, since no scalar is encountered at any power of 1 .)

S RAEW TR AR -K/R g sl 77 AR RIS N A RAY [13-15] S I AR LI (4y24) = 0
RUB ST 2%, DARORT x,6 M1 A, 1% A BORITHIEE ¥, (BT 1 ERREHAHINE,
1A AT TR EEN 2 BREIC R, )

W(x,6,4) = C(x,0) + %Ay (x,0) + %mﬁBaﬁ (x,0) + ... (5)

Now, acting with the "BRST operator” Q gives

MAE, 1EA”BRST HAF” Q fG{5

Q¥ = 2%D,C + A“2PDyAg + ... (6)

The linearized equations of motion are encoded as ¥ being Q -closed, and gauge transformations corre-

spond to Q -exact functions. It also immediately follows that for the specific choice ¥ = 1“4, ,

LAz TR R ARIE D w2 Q IR, TAYEZEH M. Q T8 %, FHILAI DAEESE], XHf
IR W = 1A, ,

QY + W2 = 2%2PFyg. (7

The full nonlinear equations of motion are encoded as

SEREHARLM s T R T DARE

Q¥ +¥2 =0. ®

One should think of 1 as a ghost variable, which explains it being bosonic, although it is a spinor. Then ¥
should also be assigned ghost number 1, so that A, has ghost number 0. The above shows that the cohomology
of Q in the ghost number 0 sector is precisely the linear super-Yang-Mills multiplet. One should also make

sure that there is no essential cohomology in other ghost numbers (powers of 1) . This can be done as follows:

AN LR A 0 R &, XBHERE TN 2RI ORI —REEE - PiEF. Ba v hF
TR T R 1, XA A, FREEUE 0o ERNARY, Q ERE o XA ERARTHZLMtE
P-RIREZ B, Bl IEFTEFIAFARILX () WRXIX) BEARFLERE, RURdRERNT:

In order to investigate the cohomology, we will do it in two steps: first, we find the zero-mode (i.e., x

-independent) cohomology. It will correspond to fields in a component formulation. Then, in the second

step, these fields will, in the full cohomology, be related by differential operators constructed from ;—x . The

procedure is not presented as a mathematical proof here; a fuller account can be found in Refs. [1,16,17] .
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FNECAIERARETE, e MR Z WSk [1,16,17] o

The zero-mode cohomology of Q is the cohomology of /l“% . Had A been unconstrained, the only
cohomology would have been the constant one. Now, when 4 is constrained, the problem is algebraic, and
the result is reflected in the partition function of 4 . Encode the power of 1 in a variable ¢ . Then the partition

function, taking values in the representation ring, is

Q HYZ AL E[RITAMZ A aZa ) LRI, 5 A RZAR, W—r EREEE S ERE, 5 2H4R

I, RIS RE RIS, S55R A RUPEC O BRASR R, R A BRIt 2 ¢, MIHRE TR
Aoy BRI AN

Z () = (00000) @ (00001) ¢ @ (00002) 2 @ (00003) £3 + ... 9)

It is straightforward to factor out the dependence of an unconstrained spinor, which we write as

BAMRA Z R R TCLI e TR R, 51E

(1 — )Y = (00000) @ (00001) t & V2 (00001) £2 & V3 (00001) £3 + ...

(10)
(VP is the p -fold totally symmetric product). We then obtain

(VP 2 p EEXFRH, HitF(1F2]

(00001)

zZO=Qa0-1 1y

® [(00000) © (10000) £2 @ (00010) 2 & (00001) > & (10000) t° S (00000) £8] .

Each term inside the square brackets represents a component field. They are, in order of appearance, the
ghost ¢, the fields in the physical multiplet A, and y* , the antifields yX and A*®, and the ghost antifield c*
. Each of them appears in the zero-mode cohomology as some function of 6 and 4, for example, the physical

gauge field appears as (1y?0) A, .

TR SN E—TERER -0, HBRFRIR N RS ¢ WHEHZ BT A, 1 . R
P xx f A, DR * o BN 6 F1 A BEABREUHIRE TR EFRIF S, FlanEse
] FTRN (Ay°6) Aq o

Going back to the full cohomology of Q , it will relate the component fields, now x -dependent, with
differential operators. The proper mathematical tool for this procedure is that of homotopy transfer (see Ref.
[16]). It is straightforward to show that the action of Q is indeed that of the BRST operator of the compo-
nent fields and antifields of the super-Yang-Mills theory. The cohomology consists precisely of the linearized
physical (on-shell) fields and a ghost zero mode.
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It looks tempting to try to derive Eq. (8) from a Chern-Simons-like action. This can indeed be done,
leading to the appropriate off-shell formulation, but requires the machinery of the following subsection. It is
also clear from the nature of the cohomology that such an action should be regarded as a Batalin-Vilkovisky

(BV) action [18], containing ghosts, fields, and their antifields.

BARE 2 ZAMERRE & - TS E R BT (8), IXHISTR AT, BERSEIE Y ITEARIE,
EFERE T —/NTHITE, 75Nz L RIER Bt AT DA, JX280E A8 4 0 TR K-
IRAIYERTEE (BV) EFI & (18], &R, HAHRY,

Non-minimal Variables, Integration, and BV Actions

EshER, Bo5 BV iR

In order to write an action that reproduces the equations of motion of the previous subsection, one needs
an integration over the pure spinor A . In addition, it should (when one also includes integration over 8 ) pick
up the top zero-mode cohomology, i.e., the top component of the component super-Yang-Mills BRST complex,
corresponding to the ghost antifield. This cohomology sits at 136> . One is in the seemingly problematic
situation of needing a residue-like measure, in the sense of picking a certain component, while on the other
hand having a series expansion that contains only positive powers of 1. Such a measure is clearly degenerate,

and not useful.

N7 HEEEY L~ N iash R R, BONTENAET A 5. Hsh, B GERINFENE
EOR 6 HIRR ST IN) I SR BTE AR L [RI, AR S S A o B s K /R BRST 2R
Tk &, % LR T 26° . BANEER] 7 — DB LA FERIIE O — 77 7R ZE— DR
JERGERRIE 77 &8, 55— 7T HRBRITREE A FERX, XA RARIBRE, &E6HL,

This problem was solved in Ref. [19], using what is known as a non-minimal set of variables. In addition
to the pure spinor 1%, one introduces a conjugate pure spinor Za . In order not to disturb the cohomology, an
equal number of additional fermions 7, , which are pure with respect to A (Zy“r) = 0. We identify 7, as d/_la
and products of r s with wedge product of dA’ s. Then, the modified non-minimal BRST operator

SCR [19] (£ FIRTIE MR S/ NS BRI 73X, FREGIET A% 4b, AMISIN T HHELliE T 1, o
AT ARBIE LFEA, B3I T HEBEAMIERT r, SN T 1 0 (%) = 0 24, AT
Bt 1y IME dA, FHE s UFRBUAME dA UAME, T2, BBUGHIAES/) BRST H T

Q = (AD) + 4, (12)

where 3 = diaa% is the Dolbeault operator, has the same cohomology as the minimal one previously
(4

considered.

10



HA1 9 = diy = RERMRFAT, HERESRITZANHNR MR EREE AR,
The pure spinor space is a (non-compact) Calabi-Yau space [20]. It possesses a holomorphic top form, in
this case an 11-form Q . The schematic form of this Calabi-Yau form is

aiferE R (ER) RAk- s [20], EAA - D2ATHE R, EiEE R nEX Q. %
it BRI Ay

Q ~ 273 ). (13)

For detailed expressions, see Refs. [1, 19, 20].
HRRIKXA S WA [1, 19, 20

Remember that the pure spinor field ¥ now depends on x, 6, 2,2, and dA . The last dependence is seen

as ¥ being an antiholomorphic cochain. One may try an integration measure

ICEIAEAIHE T4 W R x, 0,4, 4 F1 dA o BEIX MR R AT AR w 2 — N4 iE BBk,
FATTAT AZE A AR

f[dz1f=fd10xfdlﬁefQAf, (14)

where the last integral is over the pure spinor Calabi-Yau space. This measure is nondegenerate and
carries ghost number -3 as desired, due to the 273 in Q . However, the cohomologies we encountered have
representatives which are 0- forms, so any pair of such functions seems to have a vanishing scalar product. On
the other hand, the pure spinor space is a non-compact cone, so integrals naively diverge at large radius. This
” 0 X oo ” structure can be regularized [19] to yield finite results. The trick is to observe that the behavior on
pure spinor space is topological and to insert a Q -invariant regularization [19, 21] e~1Q-%} for some fermion

x - Such a regulator will give t -independent results. If one chooses y = 6“/_10{ , one gets a factor

Hepa— M atie R te- R Ry, BT Q PRy A3, xlERIRRen, B
G BEARNTERRL-3, ERANERR_ERIFRARRER -2, EIHEA— XX E AR
BRCLPEZEE, H—7im, TSR IERHE, FTDANRRDERF R LR ZF” 0 x oo
» ghfgA] DOBIE IENME [19] 1S EIAREE R, B9 e TERB R4 =R _ERT @b, SRt
HAPCKT y A Q FEWEMLET [19,21] e~ 11, XFER LG ¢ TR,
MBUER y = 692, , MREFE—PHT

e-tQ.1) = o~1((37)+(ed2)) (15)

The first factor makes integrals convergent at large radius. The second one contains terms up to 61! (dz)u
. When integrated with a 0-form, it will pick up a component at 6> . This regulated measure is exactly what
is needed. We can think of it as an operator that localizes the integral to the vicinity of the tip A = 0 of the
pure spinor cone. Alternatively, the basis for cohomology can be chosen to include such factors, and then no

regularization of the measure is necessary.

11
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RER R A MR IE I T

Now, a Chern-Simons-like BV action for D = 10 can be written as [22, 23]

BUTE, FATTATDARER R D = 10 BUSRMBIFR-PESUTHY BV (ERIES N [22, 23]

S = /[dZ] tr(%tpotp + %qﬁ) (16)

Note that the action only contains a cubic interaction term, while the component F? contains quartic
interactions. A component action can be derived by homotopy transfer [16] or, put more mundanely, the
higher-order interactions arise from repeated use of the equations of motion. See also Ref. [24]. This property,
that the supersymmetric action is of lower order than the component action, becomes even more pronounced

when we turn to supergravity in the following section.

HER, ZIEHENES=XMHEER, mo&s F2 USHRAEEER, 2&0FHEANEdFE
EHAL T [16]; VLG EEMLE, RMHEIERRRZIZHIZs) G2, 55 WK [24], #x
MrERBRMEIR T 0B EMERX R, £ 1RSS5 N S E IR,

The superfield ¥ is self-conjugate with respect to the BV anti-bracket:

@7 v T BV IES 2 B ILAERY:

5 5
(A,B) = / 55599 s 17)

Then it is straightforward to show that the classical master equation (S, S) = 0 is satisfied.

MLIREZ SEREIERHZ LT RR (S, S) = 0 WAz,

Other Models

H At

Any supermultiplet can be derived as the cohomology in a pure spinor superfield. In many cases, the zero-
mode cohomology is such that the corresponding fields define a component BV complex and an integration
can be defined. Situations where this does not happen is, for example, when self-dual tensors are contained
in the supermultiplet, such as the N = (2,0) multiplet in D = 6 or type IIB supergravity. If the multiplet
has an off-shell formulation with some auxiliary fields, this off-shell multiplet is found as the cohomolgy of
Q[25,26] . In such cases, the pure superspinor complex only contains ghosts and fields, and antifields to these

are found in a conjugate pure spinor superfield [26]. In many cases, one needs to use pure spinor superfields in

12



nontrivial modules [27-32] (see, for example, the field ¢ in section "Geometry vs. 4-Form”). In the language

of Ref. [16], they belong to sections of some sheaf over the pure spinor space.

EfATjE 22 B ASHR AT DAME S 4l B e i) BRI, VP RO S, TR ERIER R M NI7E X T
51 BV 8IF, FHATLUE SRy, A eI f] v EiiE 2 5E5HE S BN HEKERNEY,
BN N = (2,0) ZE& (HAE D = 6 1) 8L 1IB 2@ 5| 1, QMR ZHASFIE B IE,
2IXAire 2 EAME Q[25,26] KL, fEIXEMBHT, AiBETFERXUE R, M
BN RIAFET A B g7+ [26]. FF2MEOLT, AR ZER ISP RILE A BEET
[27-32)(BIERZ L “J Ul vs. PUTTIE” —FrRE97 02 ), IS KK [16] VISR, B8 T4l
E] el Z1 M R 9=

Higher derivative deformations of supersymmetric models, for example, super-symmetric Born-Infeld

theory, may be given simple (polynomial) actions in pure spinor superfield theory [27,33].

TEXFREERIA e SEOTAE, BIANER PR R - R B /REEFIE,  #Rn] DATESE B IE or EIZHHIC 45 Hifd]
B2 TR R [27,33]0

Supergravity, in particular in 11 dimensions, will be addressed in the following section:

510, THE 11 45510, KAE T —TiTie:

Pure Spinor Partition Functions and Superalgebras

2T R WA G T AW

Given the usefulness of pure spinors for the description of supermultiplets in general, it seems mean-
ingful to pursue a deeper mathematical investigation of the algebraic properties of pure spinor space itself.
Functions on pure spinor space can be thought of algebraically as power series in 1, modulo the ideal gener-
ated by (1y?1) . The partition function of Egs. (9) and (12) can indeed be understood as the partition function
of the on-shell super-Yang-Mills multiplet by factoring out also a level 2 vector:

ST AR B2 BT AR, e T A RA B B REHE DT R EIR AR BE TR
TRARA TR, A2 A _L AR 80T AMNAREC AR 2 iR, R () LB,
5K, a2 R, 3 (9) T3 (12) AIAC 7 B AT AR N e NE - KRR 22 B
P o PR 2

(10000)

Zt) =1 -0 YR 1-7) (18)

® [(00000) ® @::0 ((n0010) £*+2" & (n1000) t4+2n)] _

The factor in the square represents the ghost zero-mode and the on-shell n’ th derivative of the fermion
and the field strength. This is for the D = 10 super-Yang-Mills example. Similar statements hold for any
multiplet. The first two factors are cancelled by the partition functions for functions of 6 and x . In this way,

it becomes clear that the pure spinor entirely encodes a full supermultiplet.
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TIHERRIR AR A TE, DARBOKR 775805 - n B S8 XX D = 10 @5 KRR
¥o ERZESEARLISEL, FHDETFH 6 1 x EREEIE 7 R EERIH, B AT WAtiE+5¢ 25
TN EZES,

The investigation of the partition function of a pure spinor through the ghost structure associated with the
bilinear constraint was initiated by Chesterman [34] and refined by Berkovits and Nekrasov [35]. Consider the
BRST operator q for the pure spinor constraint. It will (generically) involve an infinite number of ghosts due
to the infinite reducibility of the constraint. One may think of g as the coalgebra differential of a superalgebra,
and the content of the algebra as a vector space may be deduced from a continued factorization of the partition

function

TE I R M2 SR SR TR A5 R S adiie 7 Be 73 BREC Y TAE H Chesterman[34] FH6Il, J5 H Berkovits
5 Nekrasov[35] 58, HEATEFLIRA BRST BAF q . HTIRAREETLHF 0L, B (—kH)
KHEETLF 2R ALK q IEE BRI RAE D7, REUEmE=2 AR NA AT DAE N B 7>
BREUOE S oy fire e S5 5

Z(t) = ﬁ 1 -yt (19)

n=1
One has to remember that statistics are switched and modules are conjugated when going from the ghosts
(coalgebra elements) to the superalgebra. The superalgebra in question, which is our definition of the Koszul
dual to the functions of a pure spinor, will always be some deformation of the direct sum of the supersymmetry
algebra (levels 1 and 2) and the freely generated algebra on the supermultiplet (levels n > 3 ) [17]. The Koszul
duality can be interpreted as a denominator formula for the superalgebra. In cases where the superfield is not
a scalar, this is expected to generalize to character formulas for representations of the superalgebra.

RAUME, MR CRAEOTR) SEEIBEREN, SittERagA v, sthaBdtye, HAIpie
AOIXANEEAREL, BFRATTE SR 4LTE PR Koszul A&, TIAZZBANFRE 1 el 2 ) 58
ZEAS EABERIIRE (n > 3 90) MEMRREMEZAE [17], Koszul X A] DARRE @ LA 72 B
Ao LS TRIRERN, XA DM B RBETRIRHER AT,

When the constraint puts A in a minimal orbit, the superalgebra is a Lie superalgebra, more precisely a
Borcherds superalgebra [36]. For the particular case of D = 10 super-Yang-Mills theory, the corresponding
Borcherds superalgebra in fact exactly encodes the structure of interacting super-Yang-Mills theory [23]. This
is a quite amazing and unexpected result, since all that is described by the cohomology is the linear multiplet.
It is not yet clear what the corresponding statement is for other theories, e.g., D = 11 supergravity, but partial
results exist [17,37]. There, the superalgebra is not a Lie superalgebra, but and L, algebra involving (at least)

a three-bracket and a four-bracket.

LA 2 BT NUER, ZEE0R @, E R 2B AR [36]0 X T
D =10 i@t K/RETEICHIRR TG, W NV AEAIEE ESEPR b2 2dmtd 7 B - R /R T
BURHIEE [23], X NMER A BHPFERIVEER, KoY EFRAERRA 25N I RLkt 2 ®H
o HANEAEZEHMBELE (F140 D = 11 #85107) XML R(t 2, HEERD4ER (17,37], £
XEEIe, ZEREAERERY, Mz ED) EE P =HSH— I IUHESH L, RE.
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D = 11 Supergravity

D =117@5|h

We will not turn to D = 11 supergravity [38]. The pure spinor superfield formulation of this model can
be derived from its traditional superspace [39, 40] formulation [41,42] in much the same way as the super-

Yang-Mills theory was in section ”Pure Spinor Superfield Theory,” however with some additional ingredients.

PAHETRITIE D = 11 #8517 [38], HBRIRIALHE ¥ 837 RIA AT AN ERIEStE S [39, 40] &
I [41,42] HESHOR, ST “AiiE FREHEIE” — i S -KRRITEIE R 7T KRB,
R HREAN LN,

Recall the component field content of the D = 11 supergravity multiplet: the metric g, , a three-form
C with a four-form field strength H = dC, and the gravitino field y,,* with field strength ¢,,,,* . An essential
feature that was used as a guideline for the construction of the supersymmetric action is that supersymmetry

demands the presence of a Chern-Simonsterm fCAHAH .

[EEi—~ D = 11 85| ZEEN T RBGNE: B g « — D ANERZE H =dc =KX C,
PAK gravitino 37 (51 18 F) ™ FIEIZSE 9,5 o BNFRERFE—DR-PAZEMI S CAHAH
, XSS FUR SN R E = e S R,

In what follows, we will use 11-dimensional "pure spinors” A% . A Dirac spinor in D = 11 has 32 com-
ponents. The symmetric spinor bilinears consist of a vector, a 2-form and a 5-form, constructed with ygﬁ, ygg

and 7/abcde

A spinor subject to (1y®4) = 0 is not necessarily in a minimal orbit, which would require also
(Ayab/l) = 0. Rather, the pure spinor space consists of a “generic,” 23-dimensional part, complemented by
the 16-dimensional minimal orbit, which is a singular subspace, and the zero orbit, the tip of the cone. The

space is sketched in Fig. 1.

NXEATEER 11 4 “4Alifig 7" 1%, D = 11 RFIIKRIGE A 32 N E. ANFRHE T ML H il
I y2s, vap 1 yepede H3E Eﬁ—/\%g\ — AR — D AR HE (4y22) = 0 FKARITET
R—E TR NJUE, BNNEETER RS (y%P2) = 0, Efr b, g Fasml “—8” 1
23 YEER AR, HDAME R BT R P Y 16 4 NUE, DAL THETIZRIE, XS AR EE
LA 1,

Fig. 1 A sketch of the space of D = 11 pure spinors

B 1D =11 4ijig F 2 RRER
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Geometry vs. 4-Form

JUJ5i8S a5 5T LE

There are two different versions of superfields that can describe the on-shell (linearized) supergravity
multiplet. One relies on the standard description of superspace geometry, where one introduces a dynam-
ical super-vielbein Ey4 . Then, conventional constraints are used to eliminate all components except the
lowest-dimensional ones, E,“ in a controlled and covariant way [43-45]. Note that physical fields then are
described by one-forms (in fermionic indices), but with an extra index a , while superdiffeomorphisms can be
thought of as sitting in a superfield £* with the bosonic diffeomorphism parameters as leading components.
The situation reminds of the treatment of super-Yang-Mills theory in the previous section, although all fields
have an extra index a . It can indeed be verified that the linearized (around Minkowski space) multiplet is
described by the cohomology of Q = (AD) on a field ®% (x, 6, 4) . The field is in addition required to have a
“shift symmetry” [27,46,47] ®¢ ~ &% 4 (1y%g) for an arbitrary parameter ¢% (x, 8, 4) . (The shift symmetry
ties together the index structure with the cohomology and is also directly responsible for the presence of the

fermionic diffeomorphism ghosts in the zero-mode cohomology.)

AR R R R A PTEIRAE 7T (k) B9 | W ZER, — M= 8] LA RIARIEREIR: 5]
NN B By, S DAPME AT 77 A LT R BRI 4E D BSMIFTE D & £, .
TR, VT H GBI FID1-TERIR, (B ARIMERR a, 5 FIE AT ER AR 63 78 A
Pty RS EON E 7 &I £ W IXMIE R ELE— 5K R TN AL, X RIAE
TR Z T — DNEIMEIR a . BATTHASER] ARIE, B [R2S RIZMEN 2 EAH 02 (x, 6,1)
Q= (AD) W L[FEAHIR, HAMKIZIETFZHE PR [27,46,47] 0% ~ @4 + (1y%0), H
Ho% (x,6,1) IMEES . CEREMNFRMIERAEIRG LS LRITEEFRER, 2T LRIAPFEERR K
o IR BRI A, )

The above is one way to relate the on-shell linearized supergravity multiplet to pure spinor superfield
cohomology. Since it is geometrical, it carries no information about the gauge symmetry of the 3-form C
, which indeed only appears through its field strength HA in the dimension 1 torsion. The other way of
reproducing the linearized multiplet is through a scalar field. The full ghost system for the C field contains
a ghost, a ghost for ghost, and a ghost for ghost for ghost. The latter is a fermionic 0 -form. We can think of
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it as the 0 - and 4 -independent zero-mode cohomology of a pure spinor superfield ¥ of ghost number 3 and
dimension -3. A careful calculation of the zero-mode cohomology gives at hand that it indeed contains the
mentioned ghosts, together with the superdiffeomorphism ghosts (at A2 ), the physical fields (at 2* ), and all
corresponding antifields. We refer to Refs. [1,46,47] for the detailed calculations.

PAERRAEFR SRS ) 2 B S ARy LRIFRKRERN —M7T X, BT BRI,
FUE 3R ¢ BT FRIERME S B — 30O 758 HA HEE 1 4ibisrh, Sy
LM 2 ESH S — M R EE R R, C R RBRAGE SR, AR, BRI, Hh
B —MRICK 0-1ER o AR AR BN R BON 3. 4E80N-3 alie&ids v, HEH EFRH
KK O T Ao AFAITHRER EFREEAIA, Bt ES BRRE, it (2 4R B RIER, (
2 ACHY) YR AR RN N 7, BRI RIS SR [1, 46,47] o

Now, we are in a situation where the traditional supergeometric approach gives the full nonlinear equa-
tions of motion, but does not account for the full ghost structure. The scalar field ¥, on the other hand, is
more fundamental in that it contains all ghosts, and also the potential C , but it is a priori unclear how to
go beyond the linearized level. Importantly, in order to write down an action containing the Chern-Simons
term, ¥ is needed.

HTRIEOUR: Ruls) L)y iARes 2 BRIARS M Izah 7518, (EIETRA e REH; 55—
M, e v EEA, BUERER, WEE%Y C, EER EHAE RIS m A A ER
Bk KEET, EEHUSH-ESNTERR, SHUHE v,

BV Action

BV {EH &

Before giving the form of the full nonlinear action, we need to understand integration, regularization, etc.
in a way analogous to the 10-dimensional case. We will refrain from detailed expressions. The pure spinor
space is 23-dimensional. We again introduce non-minimal variables A and dA and include the Dolbeault
operator 4in Q. The top cohomology of the third-order ghost antifield now sits at 776° . A measure based on
this cohomology has the correct ghost number -7 for an action with /' WQW¥ , where ¥ carries ghost number
3. The pure spinor space is again Calabi-Yau, with Q ~ /1‘7(d/1)23 . A completely analogous regularization
will contain 623(dz)23 , so the @ integration will effectively pick out a term with 6° (9 = 32 — 23), as desired.
A linearized action

TEAA ST REAE AR YA TRV R 2 1, Tl TEKEL 10 SN IRRRLS, ENMLS N, Tl IR
UIEAIFIAR, AOFERAIIR 23 40, BATEAE I AER/IVER 170 dA, JH45 Dolbeault 577 3
ATE Q. =R ERVEIER T 760, T L FIAEHITIE B R A-7, JE
FE& L QU AR, Heb wigRECN 3, AilER% A2 Calabi-Yau 2, #E Q ~27(d)”
. RIASEREMMEN 25 03(dD), FHit o B4 2UHIERENS 0° (9 = 32— 23) K
i, ARAEACAER R

S, = % / [dZ] wQW (20)
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reproduces the on-shell multiplet correctly.
ATDUERAZG e 2 EA,

How are interactions constructed as additional terms in a BV action? One starting point may be to look
at the Chern-Simons term /'C A H A H . It must contain at least one field ¥, but the remaining factors can
in principle be formed from ®“ , containing the field strength H . The concrete task now becomes to find
an expression for ®“ in terms of ¥, such that cohomology maps to cohomology. This means that one needs
to find a bosonic operator R? of ghost number -2 and dimension 2 which commutes with Q modulo terms
of the type (1y?¢) . The procedure is similar to that of finding a b operator, used in gauge fixing (see section
”Quantum Theory”). Such an operator was constructed in Ref. [46] using non-minimal variables. It takes a

somewhat complicated form, beginning as

M EAE AR BV /EH BRI IITHGE? — MR VR BRI f CAHAH . B
MEDUE—N7 Y, EFRREFEFEN_EA] AR E S5 H 1Y 0 /i, HaTHEAES 2 iKE]
o Fl W FRRHIRIA, 15 ERIARS ] LR, XEWERZIKE— DN RECO-2. B9 2 19
WERFFRY, B5 QNG, RIULI (Ay%e) . XL FRLI BITEEEHHZIN b BFF (S0 “&
THIL” —7), K [46] CEMMAER/NERBMIE TIXAE—NERF, HIEREOVEXR, TN

R = ((A7ea) (7)) (F77)3p + ... (21)

One can then use W as the fundamental field and write ®% = RAY . A term

& RRA DR W RN EASE ) 0% = ROW . AP

S; = % / [dZ] (AYqpd) PRPWROW (22)

is then guaranteed to fulfill (S,, S3) = 0, i.e., work as a linear deformation of S, [46]. Note that the factor
(AyqapA) serves several purposes: It contracts the indices on a pair of fermionic fields. It ensures the correct
ghost number and dimensions of the interaction term. And finally, it ensures the invariance under the shift
symmetry, thanks to the Fierz identity (yb/l)a (A¥apA) = 0, which holds for pure spinors. It can be verified,

using explicit expressions for the cohomologies, that the Chern-Simons term is correctly reproduced by S5 .

HULRTAIE (S,,S3) = 0, BIRJDMEN S, MLMTBZRARL [46). ERET (yapd) HZEEM: E
WeE—r Bk RFERS, CREM B AERIUEA IR BB R, &5IEE S T aiie 72 i g/R
EEK (rP2), Ayapd) = 0, PRIE T FREXARE R AR, FIA L RVER 2 XA R DR IE,
BR-PE SIS AT DAFE S5 IEWS 21,

In order to construct a complete action, the master equation (S, S) = 0 must be checked, not only to linear
order in S5 as above. It turns out [47] that only a minor modification is needed: a four-point coupling which
is almost of the same form as S5 . It relies on yet another operator, T , of ghost number -3 and dimension 3 .
The field TY¥ then carries ghost number and dimension 0, and its ghost number 0 part can be thought of as

containing the trace of the linearized gravity field. Then, the action
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NT ISR E, BARIETETIRE (S,S) =0, MU LA S5 RIZIERT, 455K [47],
HEBEMMES: — MRS, HERULE S; 22— BT 35— PR3, 8431
BT, 2 TV RRBFIEIII N 0, HRE 0 #r vl DI N G S LRI [0, AR 1EH

=)

==§

S = f [dZ] G‘PQ\P + % AYaph) <1 - %T‘P) WR“‘I’R”W) (23)

turns out to satisfy (S, S) = 0 to all orders. It is striking, but ideal from the point of view of perturbative
calculations, that a model containing gravity becomes polynomial around Minkowski space. A detailed under-
standing, e.g., through homotopy transfer, of how the non-polynomial nature of geometry around Minkowski
space arises, is still lacking. Neither does the construction offer any direct clues concerning how to proceed

to other backgrounds. Some remarks concerning these issues are given in the concluding section.

LERRPVEX AN EHE (S,9) = 0o —NMLEFFHIBRIE B ] K 72 2 A B 2 2 TR,
X5 NER, BRI A EREB AR, B A hH =X 5 w] k22 A& Bl LAl Ak
ZWENE AN AR R PR, BIAnEE R BRI 7T 3 IZATE thisch A 2 H A S =
TRMHEMERLR, SRR IZERES T —EE,

Twisting

562 1

Pure spinor superfields provide a good framework for twisting supersymmetric theories and to find all
possible twistings [48,49]. This is because any point in the space of spinors obeying (1y®1) = 0 provides a
nilpotent operator A*D,, . (Note that here 1 is not a variable but takes some specific value.) The list of possible
twistings can be read off from the stratification of pure spinor space in different orbits under the Lorentz

group, forming subspaces of pure spinor space.

alte B N E A BN AREIE, R ATA T RERV LR R B i T RATHESR [48,49], IXZAI ik
2 (Ay*2) = 0 e RS RPN ERERBAEE —MREFET 12D, . (EEIAE A NZEE, T2BEE
MREE, ) FTA ATRERIHLEL AL e n] WALIE B 22 RITE R R 26 R AR HUER 7RG E], RXEHIEN
J A B [ Y -

In supergravity, supersymmetry is local, and twisting is performed by giving an expectation value to a
superdiffeomorphism ghost [50]. A treatment in the pure spinor formalism is favorable, since these ghosts
are naturally present. Among other theories, the twistings of D = 11 supergravity have been thus examined
[49, 51, 52] . The minimal twist leads to the SL (5) supersymmetric model of Ref. [32].

FERET I, AR, AR HoEid 4 o R S - IR (ER SE I [0, fESlhEE e

AR R P FRIZAEE A, [RONIXE R BREETIZIKR P, EHMEISZAN, ARSI
T D =11 @5 IR [49, 51, 52] o MM LS H T SR [32] Y SL(5) AT FRIER,
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Superstrings

5%

The covariant quantization of space-time supersymmetric string theory remained elusive for a long time,
until Berkovits constructed the pure spinor superstring [53-56]. The variables used are the same as displayed
above for D = 10 super-Yang-Mills theory. In both the left- and right-moving sectors of the world sheet, one
introduces in addition to the superspace coordinates X (self-conjugate) and 6 , with its conjugate p , a pure
spinor A and its conjugate w . The variable A has the same chirality as 8 . In type IIA superstring theory, this

chirality is opposite for left and right movers and in type IIB the same.

IS N ARIX BC A P B A K DORET R BESE IR, B3| Berkovits #9381 4lilE &5 [53-56] FIf

MRS EX D = 10 - K/RETEIEA HAT— 2, fEMFREATIGAITX, BR T8 RAER X
(B HH0) F1 0 S HALHE p 25b, BFIAT dilem 2 MELT o, ZR 15 6 FEHF, 1E A B5E
ZHeH, ZATMAITRIFEA R, TE 1B 2T,

The left-moving BRST operator reads

#E4T BRST HAFH
o=, (24
where
Hrp
1
do = P + 0X(YaO)o + 5(r#0), (6706), (25)
with the operator product expansion
R AT RARIT
dy (2)dg ($) = cyaaﬂna (regular), (26)

where I1* = 90X — (6y?90) is the momentum conjugate to X in the Green-Schwarz superstring. This

implies Q% = 0. Again, it can of course be extended with nonminimal variables.

A ¢ = 0X® — (0y496) /2 Green-Schwarz E#5ZH A X L5 &, HILAI1E Q2 =0, MK,
2GR DAY RN A AR NE

Notably the list of fields above is complete, including ghosts. There is no Virasoro ghost pair (b, ¢) (and,
unlike the Neveu-Schwarz-Ramond superstring, no super-Virasoro ghosts (5, ) ). This of course also happens
for the superparticle. All "coordinates” are world-sheet scalars. The cancellation of the conformal anomaly
requires no Virasoro ghost but simply reads ¢ = 10 —2 - 16 + 2 - 11 = 0. This may seem as a simplification
but also has its price in making, e.g., gauge fixing more complicated (see section "Quantum Theory”).
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EEFENRZ, EXEEEGTENRNSYIRCERTREN, XEANELE Virasoro BAT (b,c), HS
Neveu-Schwarz-Ramond 5% A, tHAFETERE Virasoro R (B, 7) » MR T4 MZ I, i “4
bR E R R E R R, R EIIE AT E Virasoro B, &ZHF (N c=10-2-16+2-11=0, X
B, HEAERY, FlnSIiEREEEEBEE R SN “BFHEIR” —T),

Integration over pure spinor variables follows the same principles as for the super-Yang-Mills theory.

XAl AR B AR I 5 A - oK /R B A R B B B

Quantum Theory
e Lilin

The procedures sketched in this section focus on principles and qualitative results. The issue of gauge
fixing and the b operator is discussed in somewhat more details, since this is one of the points where the
formalism becomes complicated and simplifications are desired. The physical fields are "hidden” within a
structure which exhibits many qualitatively simple features. Their extraction from that structure is more
complicated [16, 24]. If one wants to use the formalism to derive precise quantitative results, much work is

involved (see references below).

AFTHERR AR T B S e R R ALTEEE M b B RS EIMIEARhe, FOXEE
NARBEE 2, FEIIABMRKE R —, VY G £ PRS2 e M H RS,
Kb, WIS IR BB SRR BN 7% (16, 24], HEMA R NARIES RN T RS R,
IFRFERKETAE (W R XSH3HR),

Gauge Fixing

MO E

The non-minimal variables open for a possibility to construct operators with negative ghost number. The
so-called b ghost or b operator is the standard example (see also the negative ghost number operators of section
” D = 11 Supergravity”). It is called b because it assumes the role of the conjugate to the ghost c for world-line
reparametrizations or world-sheet conformal transformations (see the cancellation of the conformal anomaly
in section ”Superstrings”). In pure spinor superfield theory, it is a composite operator. This is because ” p? = 0
” (in a superparticle action) is only a derived linearized equation of motion, a consequence (after gauge fixing)

of Q® = 0, not a constraint associated with a world-line symmetry.

el NV B A IS BB R AL T RIEE, FTIERY b Bk b BRI T G5 M "D = 11 #5]
17 BERRRBE ), BN b, REDVE T R EESH s R R A R ¢ 19
R (U @ EPHEREE). Al TEgiiet, ER-1MEERET. K2R
N “p? =07 (EEAFIERES) UURFHILE BT, BITEEERS QP = 0 L,
AR5 SR AR R R £ A
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In order to perform perturbative quantum calculations, gauge fixing is necessary. The “kinetic operator”
Q is of course not invertible. If one can find an operator b such that {Q, b} = [] and chooses the Siegel gauge
[57]

N T ITHIRE T E, FIVEEE B ER, “FIREE T Q YARB AR, WREHKE—1NE
T bIkE{Q,b} =1, FFIEEFEMR/RMIE [57]

b¥ =0, 27)
the propagator G can be written as
NERET G FIAE
b
G=—. 28
5 (28)

In the following, we will write the field theory b operator. The one for string theory is very similar (in the
same way as the Q s of Egs. (2) and (24) are), just containing a small number of more terms with derivatives.

As mentioned, this is one of the instances where things become complicated in the pure spinor formalism.

IRBATRE Hi7ier) b BT SZIEH MIEAAERE M F15K (2) 5K (24) 7Y Q 1R —FF), X
Z T OBILA S SBITL RIATA, X Z2aE T E e R S AR E —

The b operator in D = 10 was constructed in Ref. [22] using non-minimal variables and reads

D =10 " b B HSCHR [22] FIA AR/ NEREIE, BN
b=by+by+b,+bs
= —2(2)" (D),
+%(/1/_1)_2 (Ayedz) [Nabdc - % (DyabcD)] (29)

%(Az)* (d2y®<d7) (D) Npe

_ L
1024
where N = (Aw) and N,;, = (1y,pw) are invariant operators, in the sense that they respect the pure spinor

constraint (1y?1) = 0.

(17) " (A" 1d7) (416 d7) Ny Nog,

HAH N = () M Nop = (Aygpe) ABRAZE T, BIETHEsle r£R (1) =0,

The b operator in D = 11[58, 59] is somewhat more complicated. We will not display the full expres-
sion, but note that it is singular on the 16-dimensional subspace (like the negative ghost number operators

encountered in section ” D = 11 Supergravity”) and begins as
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D =11[58,59] FHY b Ry EHEE e —L, HNIALHERERAR, (FHHEE 16 7 =H L2
A R D = 1185107 ETHERIRIREE ), HEAIT LN

b= ((raed) (7%)) " (Arapd) Ar®yD) 3, + ... (30)

There is also a possibility to find a b operator that acts within functions of the minimal variables [60],
using the principles of Ref. [61]. On (holomorphic) functions of a D = 10 pure spinor 4 , the “invariant

derivative operator”

HURT LURLF St [61] BORTRE, (SEIR A (R VR LAY b BT [60], %F D = 10 S0 A 19
(80 B, FEFEAT

~ 1
Ba =0~ 713

acts exactly like w, between monomials A*1 ... 1%r and annihilates the ideal generated by (1y?1) . The

(V) (wyaw) (31

minimal b’ operator reads

FERRI A% . 2% ZRIFERISE2FEN T oy, FFEHF (1y00) EREVEE, R/MER b Br
H

1

bl:(N+4)(N+5)(N+6)

1 ~ 1 ~
[5 (N? + 9N +15) (@y*D) d, — ﬁN"b (ngb)] ,

(32)
where ng is the antisymmetric product of three D s in (01001),

Hrp D3, /2 (01001) /R F=A D RN PRI,

(0%, = ()" () D, D (33)

It can be shown explicitly that b and b’ differ by a Q -exact expression. Using b’ , it is seen directly that

Siegel gauge implies Lorenz gauge for the Yang-Mills connection. Namely, acting on a ghost number 0 field

¥ = %A, b'Y = %6“ (Dy,A) . A similar minimal b operator should exist for any supersymmetric theory
with local symmetries, e.g., D = 11 supergravity, but has not been constructed.

A AERZIER b F1 b (UHHZE—D Q 18T, FIH b’ rILAERE W, PIk/RIVERN - KR ke 22
EIRCAAE, BIE/EREREON 0 7 W = %4, b'Y = %aa (DyoA) LG, X LRI I
MPRPERTEFRELE, B0 D = 1185171, #M S ERLIEIE/DN b BF, (HHEAFTRARMEIEL R,

It may rightly be claimed that gauge fixing, in the form presented here, is rudimentary, and more or less
implemented at a first-quantized level. A proper field-theoretic BV gauge fixing [62], involving a gauge fixing
fermion, has not been developed in pure spinor superfield theory.

FIDAE B, A ARZAMTEE RIS LRI, RIF BRI B FEmEKIR. &M
EEE TR Y, 1AERI7IE BY BVEEDE, mARELLE B PRI,

23



Perturbative Results

(L RS

The construction sketched above gives a recipe for calculating scattering amplitudes in the pure spinor
formalism. Any diagram - which will contain a large number of component field diagrams - should be satu-
rated with appropriate vertex operators [63] representing external states. There is a remaining issue of regu-
larization at 4 = 0 which was addressed and solved in Ref. [64]. This is due to the b operators in propagators
containing negative powers of (/IZ) that ultimately risk to make integrals divergent. Explicit evaluation of the
regulated integrals is in general extremely complicated. Results exist for superstring theory on Minkowski

space [63-67] and on anti-de Sitter space [68,69].

bR R IESS T At TN R BGHRIER — BT, EE (SRR BSE) #RN
S HAERIMNBSEETURELR [63] AL, 7E 24 = 0 AFAEMIEIENIMLAYIER B A, %R ALE
Sk [64] SN ICRIERDL, R TSR T i b SAFSH (1) MIRR, RERTRESEM S
Ko —MRVE, XIENMLFERD BRI EREE 2% HATEH X K= L [63-67] Fl R fEPUR
ZX[A]_E [68,69] HETXBRICHIMH KSR,

The degree of convergence of loop diagrams in pure spinor superfield theory is generically much better
than for loop diagrams in a component formulation or with superfields manifesting some fraction of super-
symmetry. Typical behavior is the vanishing of bubbles and triangles in off-shell diagrams, i.e., as subdiagrams
of any diagram. For maximal super-Yang-Mills theory in D = 4[70, 71] , power counting is enough to demon-
strate perturbative finiteness. In maximal supergravity in D = 4 [58,72-74], power counting shows finiteness
up to 6 loops and possibly a divergence at 7 loops (see also Refs. [75-77]). The precise statement is that an

L -loop diagram is convergent in D dimensions if D < 2 + % , while for super-Yang-Mills theory, it reads
D<4+2.
aufE v B P E R SRR, BRI T BRI SR B @R AR R R
B, SRR BT E (AMEREK 7 E) FREEM=/AEE T, XT D = 4[70,71] 4EHIHRK
XN K/RITEE, Rl e DAEPIEGEEIRTE. XT D = 4 4ERR K511 [58,72-74],

IR RZHICEEZ 6 BINZE AR, 17 B ATRER R (53 WXHR [75-77]). KEIHZRIEN: 4
WED<2+ % i, D4EhRy L IR, T F@x iig-K/RiEe, WESERHFN D <4+ % o

Remarks
P

Some final remarks concern shortcomings of the present status of pure spinor superfield theory and some

desirable developments.
BiE I LRPFe Nt aie @ it S Er~ e, PGS TESITFHRIIETRTT .,

The classical theory of pure spinor superfields exhibits a striking simplicity. Quantum calculations tend

to become cumbersome, although in principle well defined, mainly due to the complicated expression for
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the b operator used in gauge fixing and the regularization it brings along. It remains an open question if
these calculations can be simplified, either by finding a replacement for the b operator or by some completely

different means.

dle T2 S BRI M. B R RRFEN_EE R, (BEETEB, XEERRA
NMFEEE AT b BAFEAEZ,, HZBEARIIANEZRIIENTL, IR SR b BIFRERTT R,
RS H At H75%, RETHREESS 2R H T2 — DM R A,

One approach, which has not been properly explored, would be to use the minimal (holomorphic) ver-
sion of the b operator, b’ of Eq. (32). The construction will certainly extend to other negative ghost number
operators [60,61]. Possibly, in such a framework, the role of the non-minimal variables can be limited to in-
tegration, with the “simple” regularization of Eq. (15), and the complicated regularizations at 1 = 0 may be

avoided.

— ARG RIFE WA R R A b BATRIRD (24h) iA, B (32) b o HIE R AR AT DA
2 H AR SRR [60,61], TEZMEIR T, AR INERAIMEREFFAT MR TR, RAK (15)
g “faisa” IEMIfE, AT A = 0 AERIE A IENIL,

An urgent question for supergravity is the lack of manifest background invariance of the action (23). This
is of course usual in string theory and string field theory [78] (see however Ref. [79]), but one should be able
to do better in a supergravity theory. Indeed, even if the basis of the construction is in supergeometry, the ge-
ometric picture is lost in the final form. There is some hope for “re-geometrization” and for an understanding
how to deform the model to non-flat backgrounds. It relies on deforming the algebra which is Koszul dual to

functions of 11-dimensional pure spinors [17], in a manner similar to Ref. [80].

5| SN — N RIENER, FHE 23) ZHENE =AM, X—RfERiefszgied+
S [781(1ES WS [79]), 1EAERES | J1EICHRIRA RN BB T2, FL Lk, BME IS
RIEAZE LA, RAEAMERTIUMEG. BAERETR “EJLAML”, B
BRI BT &, XK TS 11 4E4l0E T K%L Koszul MBRAEOETIEAE, &5 STk
[80] {8,

As mentioned in section "Gauge Fixing,” a proper field-theoretic BV gauge fixing procedure has not been
developed for pure spinor superfield theory. There is no doubt that this can be done. It is probably one of the
most important points on which the framework should be developed.

BN “BUFEREE” — TR, Slije 7@z it mAREL proper H3718 BV MYEEIE Fifd, ZTCkER
XA PASERY, IXMRATRE R IR SR T R SRR T A2 —

The whole idea about the formalism presented is to manifest as much symmetry as possible. It is well

known that dimensional reductions of D = 11 enjoy
AXNHXER AR RO EBR R R ATRERAOS TR, ARFTER, D =11 WgEELME

U-duality and that this symmetry can be “geometrized” within the context of exceptional geometry [81-
84]. Can the pure spinor framework be extended to accommodate for these symmetries? Such a task may be
very difficult, due to the infinite reducibility of local symmetries in extended geometry, since the pure spinor
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superfields always are based on the lowest-dimensional ghost field. Indeed, already double supergeometry

[85,86] contains infinite reducibility in the Ramond-Ramond sector.

U X8, HiZoaFrtk ] DAEBISN LITHEZRAISEER “TLE” [81-84], ZUEFHESLRE SRR AR ANIX
LEXFARIE? BT R UA R s MR TR rT A1, Tidtiie F@m a5 T R4E iy, FHit
XIUTAERTRE o IR XE, 5K b, BIERXNEERE LA [85,86], HAUSHE-FISME sector tHELFFE
FERRATZ) 1,
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